Integral transforms in the theory of jacobi polynomials and generalized legendre associated functions (Second Part)  by Kuipers, L.
MATHEMATICS 
INTEGRAL TRANSFORMS IN THE THEORY OF JACOBI 
POLYNOMIALS AND GENERALIZED LEGENDRE ASSOCIATED 
FUNCTIONS (SECOND PART) 
BY 
L. KUIPERS 
(Communicated by Prof. J. F. KoKSMA at the meeting of May 28, 1960) 
In the present paper we continue out list of integral transforms [I] 
of generalized Legendre associated functions. :B'or specific values of the 
parameters these functions are closely related to the Jacobi polynomials. 
As to the last functions we remind the reader of the well-known relation 
( k-+- m) ( 1 --x) Pk<m,nl(x)= k F -k,k+m+n+I;m+I;-2-, 
andifk,m,nandk-m~n are non-negative integers the relation between 
Pk<m,nl(x) and the legendres pkm,n(x) (-I <X< I) mentioned above is 
pk(m,n)(x)=(-I)m2m F(k+n+l) (I+x)-(n/2l(I-x)-(m/2lpm.n (x) F(k+m+n+l) k+(m+n)/2 , 
(in [I], (4) the factor ( -I)m should be added). 
The integral transforms in [2], namely I6.4.(5), ... are denoted here 
by E(5), ... 
For brevity we set 
m+n m-n m-n m+n 
cx=k+-2-, fJ=k--2-, y=k+-2-, o=k--2-. 
For the sake of completeness we mention the analogue of E(5), that is 
(l) 
a result which I proved in a different way in [3]. Formula (I) with 
m=n and m=n=O are well-known relations. 
From E(6) we derive 
1 
(2) J {Pkm,n(x)}2 2-m+n F(y+l) F(cx+I) 1-x dx=-----;;:n-r(6+I)F(f3+1) (m> 0, Ren> -I). 
-1 
1 
(2a) J {Pkm(x)}2 dx = F(k+m+l) l-x mF(k-m+l) (m= I, 2, ... ). 
-1 
(2a) is probably new. 
407 
On account of E(7) we have 
(3) 
1 
(3a) f ( _ )m {P m( )}2d _ 23m+l {F(k+m+I) }2 F(m+t) F(2k-m+I) 1 X k X X- n! F(k-m+l) F(2k+m+2) F(m+l). 
-1 
Form m=O (3a) gives a well-known result. 
Owing to E(S) we have 





l J1 ( - )2k{P m( )}2d -22k+l{ F(2k+I) }2. _ 1 1 X k X X- F(k+l) F(k-m+I) F(2k-m+I) F(2k+m+l) 
. F(4k+2) . 
(4a) 
1 
(4b) f (1- )2k{P ( )}2d - 22k+l F4(2k+I) X k X X- F4(k+l) F(4k+2)" 
-1 
From E(10) we deduce 
1 
J (1- x)<e-ml/2 P£'+'im121 (x) Pj;:-J'(e/21 (x) dx = 
(5) -1 
r(k+e+i+l) r(k+e-i+t) F(2k+m+I) 
= 2-m+n+l . ----,----.,----......,-------,-------
r(k+i+I) r(k-i+t) F(2k+e+2) 
(m, (!, k-:;, k-~ non-negative integers, e-m> -2). 
Remark. (5) with m=n=e is well-known. (5) with m=e reduces to (1). 
By E(ll) we have 
(6) 
1 f (1 X) (e-ml/2-1pm.n (x)Pe,n (x)dx-- k+(m/21 k+(e/21 -
-1 
r(k+m+i+t) r( k+m-i+t) F(e) 
=2-m+n.~......,------~......,---~--~----
r(k+i+I) r(k-i+l) F(m+I) ' 




Remark .. (6) with e=m reduces to (2). 
From E(l3) follows 
1 I ( l + x)(n-j-a)/2 pkm,n(x) Pzm,a(x) dx = 2-m+n+a+l . 
-1 
r(k-m~n +I)r(z-m~a +I)r(k+l+ n~a +2)r(k-l+ a~n +I)r(l-k+ n~a +I) 
(k- m+n k-m-n l- m+a l-m-a and mare non-negative integers 2 ' ' 2 ' ' 
which implies that k, l, n and a are integers; furthermore n+ a> -1). 
(7a) _1 ) j (1+x)mpkm(x)P1m(x)dx = 
2m+l F(k+m+I) F(l+m+I) F(k+l-m+I) F(2m+I) 
F(k-m+I) F(l-m+I) F(k+l+m+2) F(k-l+m+I) F(l-k+m+I) · 
Remark. (7a) with m=O, k=l, or with m=O, k=tl are well-known 
formulas. (7a) with k=l, in combination with the transformation x -+-X 
yields (3a) 
The equivalent of E(l7) can be found by setting x--+ -x in (7) and 
by making use of the relation 
pkn,m( -x) = 2m-nF(tJ+I) ( -1)" pkm,n(x) 
F(y+I) 
(see [4], (10) with a an integer). Hence 
1 I (1- x)(m-t-al/2 pkm,n(x) P(·n(x) dx = 2n+1(- 1 )k+l+n-t-(m-t-al/2 F(y+I) F(<X+I) . F(p +I) F(o+ I) 
-1 
r(z-n--;a +I) r(z+~+I) r(k+l-~+I)r(m+a+IJ 
~-------~~~--7 
r(z+ n--;a +I) r(z- n~a +I) r(k+l+ m~a +2) r(k-l+ m~a +I) r(l-k+ m~a +I)' 
which in the case m=a, k=l yields (ll). 
Remark. E(17) is reduced to E(7) by setting a=e. 
(To be continued) 
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